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Tensor models of accumulation of 
damage in material billets during 
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10.1  INTRODUCTION

The development of cold rolling forging processes is hindered by the lack of informa-
tion on the mechanics of forming curvilinear blanks, the stress–strain state, and the 
materials’ deformability (Kukhar 2018).

As a result of the study of the mechanics of forming blanks during roll forging, we 
have come up with a method for manufacturing curvilinear blanks by two-stage roll 
forging. In the suggested method, in the first stage, roll forging is performed on a flat 
roll body, and in the second stage, roll forging of the billet is performed in gauges of 
cylinder rolls. In this case, in the second stage, the billet is rotated by 90°, and rolling 
forging is then performed in gauges of cylinder rolls.

In the process of manufacture of curvilinear blanks by cold roll forging, the matter 
of evaluating fractures of the billet material becomes particularly relevant. The lim-
iting degree of compression and the mechanical characteristics of the material of the 
products depend on this. It is clear that at different stages of rolling forging, the stress–
strain state of the particles of the billet material varies and is not monotone, which 
causes additional difficulties in the process of fracture evaluation of the billet material.

The aim of the research is to develop models of fracture evaluation of the billet 
material for cold roll forging in schemes in two or more stages.

10.2  ANALYSIS

To evaluate fractures of the billet material in roll forging, it is necessary to choose an 
approach to the calculation of equivalent plastic strain at the fracture point. Judging 
by the hundreds and most likely thousands of papers on this topic, the number of which 
increases annually, the most widely used approach is based on the damage summation 
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112  Mechatronic Systems 2

theory. So, the preface to the proceedings of the forum on the forming technology 
notes: “A more widely used approach is the identification of fracture strains in the 
function of stress triaxiality as proposed by Johnson and Cook. This in combination 
to damage evolution approaches is better able to model the experimental outcomes” 
(Hora 2018).

It is enough to point out that almost all of the reports submitted to this forum use 
said approach to model the fracture. However, within the framework of this approach, a 
large number of damage summation models have been proposed. An idea of these mod-
els can be obtained from earlier works (Cockcroft 1968; Rice 1969). In the works (Del 
1978; Rene 1976), the more complicated principle of summing damages is substantiated. 
The authors (Oh 1979), along with the stress triaxiality, discuss the use of invariant 
indexes in the form of the ratio of principal stresses. Clift et al. (1990) considered a sim-
plified model. A comparative analysis of various fracture models is carried out period-
ically, for example (Bao 2004b; Golling 2017). Some key features of fracture models for 
sheet materials are considered in (Bai 2008; Bao 2004a, 2005). In (Gese 2007; Hooputra 
2004), revolutionary proposals were made to account for the type of fracture for sheet 
materials. In (Del 1975a; Ogorodnikov 2018a), a fracture criterion was developed, which 
takes into account additional features of the strain trajectory, and also some of its prop-
erties are investigated. In (Grushko 2012; Mikhalevich 1994), results were obtained jus-
tifying the use of new fracture models. These models relate primarily to the initially 
isotropic body or to equivalent plastic strain at the fracture point. One more important 
feature of these models is the scalar description for damage particulates.

Models based on the tensor description of the material particulate damage were 
proposed in (Del 1983; Ilyushin 1967; Mikhalevich 1996). However, over the past dec-
ades, the use of tensor models is clearly inferior to the popularity of scalar models. For 
example, in (Hooputra 2004), the tensor model is mentioned but not discussed.

Scalar fracture models for an initial anisotropic body in the framework of the ap-
proach under consideration were proposed in (Ilyushin 1967; Park 2018; Yoon 2017). 
The paper (Basak 2019; Mikhalevich 1993) is one of the few in which a tensor model 
was constructed for an initially anisotropic body (Polishchuk 2016a, 2016b, 2018).

10.3  RESULTS OF THE STUDY

By means of experimental and analytical studies and the use of simulation modeling in 
the DEFORM 3D software package, it was found that for particles of the material on 
the free surface of the billet, for which the stress triaxiality changes from η  = 1 at the 
first stage to η  = −1 at the end of roll forging, at the second and third stages, a linear 
law is valid for the strain path (Kozlov 2019; Ogorodnikov 2018b; Polishchuk 2019):

, , 0k b k bε η= − ⋅ + > 	 (10.1)

where: ε  – equivalent plastic strain; and η  – stress triaxiality:

3 m

v
η σ

σ
= ⋅

	 (10.2)

where: mσ  – hydrostatic stress; and vσ  – equivalent stress (von Mises).
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Equation (10.1) can be represented as:

0

1 0
η ε ε

ε ε
= −

−
	 (10.3)

where: ,0 1ε ε  – values of the equivalent plastic strain on the path strain at η  = 0 and 
η  = 1.

Those particles of material that, in the first stage, were deformed under “hard” 
stress–strain state schemes, in the second stage, will be in “soft” conditions of defor-
mation. In this case, there is non-monotonic deformation. Therefore, to evaluate the 
fracture of a material, it is necessary to use models that take into account the direc-
tional nature of damage accumulation and their dependence on the type of stress state. 
Such models are tensor models.

Despite the simplicity of relation (1), an attempt to apply a tensor model to de-
scribe the process of changing the material’s stress–strain state, which leads to the 
specified strain path, showed the need to adopt a number of assumptions to obtain 
unambiguous results (Dragobetskii 2015; Ogorodnikov 2004, 2018c).

Let us suggest a deformation model of certain particulates in the billet material in 
the form of a deformation process within four separate stages. For this case, using a 
tensor-linear model, we obtain:
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where: fsε η( ) – curve of the limit equivalent plastic strain to fracture under stationary 
deformation; ,1k kε ε( ) ( )−  – equivalent plastic strain, respectively, at the beginning and 
the end of the k-th deformation stage ( 0,0 k fε ε ε( ) ( )= < ); and ijβ  – directional tensor 
for increment strain:

d

dij
ij2

3
β

ε
ε

= ⋅ 	 (10.5)

where: d ijε  – strain increment tensor; dε  – plastic strain increment intensity; and n > 0 – 
material constant.

In the future, we assume that the properties of the material of the billet will be de-
scribed by the defining relations of flow theory (Del 1975b; Vorobyov 2017; Kukharchuk 
2017a):

3
2

3
2

d sij
u

ij
u

ij ijε ε
σ

ε
σ

σ δ σ( )= ⋅ ⋅ = ⋅ ⋅ − ⋅ 	 (10.6)

where: , sij ijσ  – stress tensor and stress deviator, respectively; and ijδ  – Kronecker 
symbol:
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	 (10.7)
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In this case, both the directional tensor for increment strain and the directional ten-
sors for the stress coincide:

d

dij
ij2

3
β

ε
ε

= ⋅ 	 (10.8)

For particles of the billet material that belonged to the free surface of the billet in the 
deformation process in the first stage, each of the four stages is considered separately 
(Table 10.1).

Table 10.1  �Dependencies of the directional tensor for increment strain under various 
types of stress state

Stage (k) Stress-state Directional tensor for increment strain ij
kβ( )( )
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In accordance with the representation (10.1), (10.4), (10.9) for the first stage 
(Kukharchuk 2017b):

, 0*
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where: 1*
t fsε ε η( )= =  – equivalent plastic strain to fracture under tension.

By analogy, for the second and third stages, we obtain:
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The curve of the limit equivalent plastic strain to fracture under stationary deforma-
tion is represented by the well-known expression:
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where: 0*
s fsε ε η( )= =  – equivalent plastic strain to fracture in shear; 1*

c fsε ε η( )= = −  – 
equivalent plastic strain to fracture in compression.

As a measure function of damage, the second invariant of the damage deviator 
was adopted:

, 0 1ij ijψ ψ ψ ψ= ⋅ ≤ ≤ 	 (10.16)

In the initial state 0 0ψ ε( )= = , and the achievement of the limit state is determined by 
the condition:

1fψ ε ε( )= = 	 (10.17)

where: fε  – equivalent plastic strain to fracture under conditions an arbitrary process 
of deformation (η = const or η ≠ const; if η = const ⇒ f fsε ε≡ ).

The simulation of damage accumulation was carried out in the environment of the 
Maple computer mathematics system using a program developed by us. The results 
of the calculations of the values under study, depending on the stress triaxiality, are 
presented in Figure 10.1.

The simulation results demonstrate that regardless of the value of the nonlinearity 
index for the summation of damages n, the damage accumulation rate begins to de-
crease at η < −0.3.

For the range of values n = 1 ÷ 1.5, there is a maximum value for the damage accu-
mulation curves when approaching the stressed compression state.

This is a very important, at least theoretical, result. Since after reaching the max-
imum value, the damage begins to decrease against a monotonous increase in the 
equivalent plastic strain.
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A similar result in a somewhat different form was discovered earlier in processes 
accompanied by a discrete change in the direction of plastic strain increment. It is 
under the given conditions that the indicated effect was experimentally discovered and 
theoretically described in the papers of Dell (1983). A more detailed theoretical and 
experimental study of certain aspects of this phenomenon is represented in the papers 
of V. Mykhalevych and V. Matviichuk (Mikhalevich 1993, 1994).

In this case, the effect under study was found in the processes with continuous 
changes in the directions of the principal strain increments. The numerical values of 
this effect are so minor that they do not go beyond the limits of the experimental data 
scattering. This makes it impossible for us to experimentally substantiate or argue 
against the discovered theoretical effect. On the other hand, a more detailed theoreti-
cal study of this effect may lead to confirming conditions under which it will manifest 
itself to a greater degree, which, in turn, will create the necessary prerequisites for 
experimental research.

The graphs in Figure 10.1 clarify that the calculated damage value at the end of 
the first stage monotonously decreases with an increase in the nonlinearity index of 
damage summation n ∈ [1:3]. As for the calculated damage value at the end of the third 
stage, here we get the non-monotonic dependence presented in Figure 10.2.

Figure 10.1  �Strain path (1 – (1), 0.2, 0.29k b= = ); the curve of the limit equivalent 
plastic strain to fracture under stationary deformation for steel EP866  
( 0.25, 0.42, 1.25* * *

t s cε ε ε= = = ) (2 – (15)); 3 – damage intensity limit; 4÷8 – damage 
accumulation in stages 2, 3 – (10), (16): 4 – n = 1; 5 – n = 1.5; 6 – n = 2; 7 – n = 2.5; 
8 – n = 3.
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Curves 6 and 7 in Figure 10.3 reflect the pattern of damage accumulation to frac-
ture under tension. As can be seen with n ≥ 1 and the constant stress state, we get 
an avalanche accumulation of damage, which is consistent with the classical physical 
concepts of scattered fracture.

Figure 10.2  �Damage at a given point of the deformation path (4) depending on the value 
of the nonlinearity parameter of damage summation: 1 – ε  = 0.49; 2 – ε  = 0.44; 
3 – ε  = 0.29; 4 – ε  = 0.09.

Figure 10.3  �Damage at a given point of the deformation path (4) depending on the value 
of the nonlinearity parameter of damage summation: 1 – ε  = 0.49; 2 – ε  = 0.44; 
3 – ε  = 0.29; 4 – ε  = 0.09.
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At the same time, by changing the stress state in the process of deformation, the 
accumulation of damage can be accelerated or slowed down. In this case, the “sof-
tening” of the stress state from uniaxial tension to shear reduces the rate of damage 
accumulation, as can be seen from the curves in Figure 10.3, related to the second stage 
of the process. Further “softening” of the stress state “shear + compression” – “com-
pression” further slows down the accumulation of damages up to the already noted 
effect of their partial “healing.”

Calculations were carried out for the curve of the limit equivalent plastic strain to 
fracture at stationary deformation, which is the case for steel EP866. In Figure 10.3, 
the behavioral regularities of damage accumulation are presented depending on the 
equivalent plastic strain (Wojcik 1997, 2010).

10.4  CONCLUSIONS

For the first two stages of the deformation trajectory under study, according to the 
tensor theory of damage accumulation, the most rigorous prediction of limiting defor-
mations corresponds to the linear principle of damage accumulation. An increase in 
the parameter n, which characterizes the degree of the nonlinear nature of damage 
accumulation, corresponds to a decrease in the damage accumulation rate. The third 
stage is characterized by a significant decrease in the rate of damage accumulation and 
the not monotonic nature of depending on the calculated limit values in the index n. 
For the first time, the effect of partial “healing” of damage in the processes with con-
tinuous changes in the directions of the principal strain increments was theoretically 
discovered.
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