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Nonstandard analysis in electrical engineering. The analysis of the
direct current circles with ideal reactive elements.

The article proposes the use of ideas and methods of non-standard analysis in the field of theoretical electronics.
The article shows that the analysis of DC circuits, including ideal inductances and capacitances, by standard
methods of theoretical electrical engineering is too complicated or almost impossible. To solve this problem, it
is proposed to extend the methods of non-standard analysis by the tasks of analyzing electrical circuits with
ideal reactive elements. The authors have defined a class of non-standard electrotechnical problems aimed at
the analysis of DC electrical circuits, including ideal reactive elements — ideal inductances and capacitances.
It is shown that the solution of the selected class of problems by standard methods of theoretical electrical
engineering is too difficult or almost impossible. It is proposed to extend the methods of non-standard analysis
by the tasks of analyzing electrical circuits with ideal reactive elements. The obtained advantages of this
approach are confirmed by examples of calculations of electrical circuits with inductances and capacitances, as
well as magnetic circuits.

Keywords: infinitesimal number, infinitude, hyperreal number, unconventional number, ideal
reactive element.

Introduction
While solving diverse scientific or technical problems the researcher occasionally faces the necessity of

) L 0 00 . ) .
revealing such uncertainties as 6 and —. Herewith the use of classical methods, for instance, the rules of
o0

Cauchy or L'Hopital often causes certain difficulties.

It is curious that exactly the ideas of nonstandard analysis (i.e. the direct use of infinitesimal numbers)
were the base, on which Leibnitz and Newton intuitively built the principles of differential and integral
calculations. However, later in Cauchy’s works and in the works of other mathematicians, infinitesimal
numbers were “left out” [1-5]. Instead, in the basis of mathematic apparatus of differential and integral
calculation numerical and functional sequences and limit correlations of values were laid. That increased the
axiomatic rigor of mathematical apparatus, but unfortunately complicated the way of solving a certain kind of
problems.

The revival of the ideas of nonstandard analysis took place in 1960-s, when A. Robinson suggested a new
axiomatics of math analysis, which bases on the multitude of hyperreal numbers, that contains not only so
called reference numbers (common numbers), but also the nonstandard numbers (infinitesimal numbers,
infinitudes and their combinations with common numbers) [6-8]. Methods of nonstandard analysis are also
being developed at the present time and are used in various fields of science [9-12]. In this article, we will
consider the use of nonstandard analysis in electrical engineering. Of interest is the use of nonstandard analysis
methods in the problems of identifying the internal parameters of electrical motors, which in many cases cannot
be solved by traditional methods [13-18].

For direct current circles, we use diverse unified methods of calculation based on the Ohm’s and
Kirchhoff’s laws. At the same time, there exists a certain kind of related problems, for which the direct use of
these unified methods is practically impossible. This concerns the calculation of the direct current circles with
ideal reactive elements. The complexity of the calculations in such circles is that on the direct current the

induction resistance (X,_ = oaL) tends to zero, and the ideal capacity [XC = —Cj resistance tends to infinity.
®
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Generally, such problems are solved with simultaneous use of the energy characteristics of inductances
and capacities alongside with electrical engineering laws, which considerably complicates the analysis of such
circuits, especially in complex schemes. That explains the topicality of the math apparatus of nonstandard
analysis which will enable to use familiar unified methods for calculating such circles.

The next unit will review the main principles of non-standard analysis necessary for the solution of the
above mentioned electrotechnical problems, this mathematic apparatus is considered in [19-20].

Basic principles of nonstandard analysis

Let R be an ordered set of real numbers. Number « will be called an infinitesimal number when and
only when

vreR(a<r). 1)

The number B = — will be called infinitude. In this case, it may be transcribed as
o

vreR(B>r). )

All algebraic operations (addition, subtraction, multiplication, division, exponentiation, etc.) and
theorems (theorems of communication and association, etc.) may be applied to infinitesimal and infinitude
numbers.

Infinitesimal numbers and infinitudes of diverse order will be distinguished as follows:

e oa>a’>a’>a — infinitesimal numbers of first, second, third, k-th order;

e B<P?<P® <P — infinitudes of first, second, third, k -th order.

Together with real numbers r € R infinitesimal numbers and infinitudes make an ordered set of hyperreal
numbers *R . Real numbers r € R are commonly called standard or Archimedean numbers unlike imaginary
(non-Archimedean) numbers*r e *R .

Each imaginary number has a standard part

*r=rta, 3)
that is

r=st(*r), ()
in other words, a real number is a standard part of a certain imaginary number (obviously, there can be an
infinite set of those).

Two real numbers @ and b are called equal when and only when:

a-b=0. 5)

Two imaginary numbers *a and * b are called equivalent (or infinitely close to each other when and
only when:

*a-*b=a (6)

The marking “~” will stand for the equivalency of two imaginary numbers. For real numbers M and N
we will denote certain correlations that appear from (1-6):

1 k. M m K
e = y T = m y Tk = m H
B =mB, e =mB (7)
Mo m mo m m

Mma Mo _ M. __EB
no n' n n 'no n (8)

mo+n~n, mB+n=~mp, ma*+n~n, mp*+n~mp*, 9)
sina~a, cosa ~1. (10)
We will give a few examples of using these methods in a mathematic analysis. For instance, let us find
the first derivative of the functiony = x> For that purpose, we will input a substitutiondx = o .

32 BecTHuk KaparaHguHckoro yHuBepcuTeTa
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3 3 3 2 2 3 3
X+a) —x> X +3X°a+3Xa”+a’—-X
(‘j_y:( o) _ X +3XTot3Xa + o =3x2 +3xa + 0’ 32, (11)
X o o
For y =sin x we will get

dy sin(x+o)—sinx  sin x-coso+Sin o-Cos X —Sin X y

* - “ (12)
Sin X-1+a.-cos X —Sin X
~ ~ COS X.
(04

Let y=cos X . Then
dy cos(x+o)—-CcOSX COSX-COso—Sin X-Sin a.—CoSX _

dx . a o (13)
COSX-1—sIn X-o.—COoS X .
~ ~ —Sin X.
o

It is quite natural, that not only a multitude of real numbers might have such a nonstandard structure, but
also the multitude of imaginary numbers can, i.e. the complex number plane.

Then, analogically to (9) we may transcribe

mo+jn=jn, mB+jn=mpB, m+jnoa=m, m+ jn= jnf. (14)

Besides, the problems of classical analysis of transitive processes call for the direct use of the real number
0 and the infinite value . That is why, we will try to formulate their nonstandard interpretation.

Real number 0 in the nonstandard analysis may be considered as infinitesimal number of infinite order,
i.e. 0~ a’. Thatis why

gzO,O-BzO,e‘B'Ozl, e ~1. (15)
o

Infinite value oo in non-standard analysis may be introduced as infinitude of infinite order, i.e. c© = Bﬁ.
That is why

,0-0~0, e ~a, e’ ~a. (16)

Before going on to use above given expressions for solving diverse applied problems, it is suffice to
notice, that there are no general rules for parameter selection, which can be advisably equated to an
infinitesimal (or infinitude) number. The researcher depending on the context of the peculiar problem makes
this selection. Herewith, one must consider that in case of necessity to substitute for a few different options of
one problem with infinitesimals, defining correlations between these numbers is quite an uneasy task to do and
may require additional researches.

In the next subparagraph, we suggest considering the ways of using the methods of nonstandard analysis
for analyzing the direct current circuits with ideal reactive elements.

Viewing the direct current circuit as a sinusoid alternating current circuit, the frequency of which equals
to zero, a symbolic method may be used for solving such problems, given o=

Let us consider the typical examples of such problems.

The analysis of direct current electrical circuits with ideal inductances.

Taking ® = o for impedance of inductance it may be transcribed as follows:
Z ~jol. (17)

Example 1. Determine the currents in inductances L,, L, in the direct current circuit (Fig. 1).
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r
c ___e——
E—
I
U L]_ Il L2 I2

Figure 1. Direct current circuit

Scheme options: U=30 V, r=10 Q, L, =0.2 H, L, =0.1 H. At first, it seems that the currents in

. I U . .

inductances are the same |, =1, =555 =1.5 As far as the resistances of these branches on the direct
r

current amount to zero. However, let us try to solve this problem using infinitesimals.

The whole impedance of the circuit equals to

; ; 2 2
Z. ~r+ (_JOLLl)(J_OLLz): r 4 _J L, _ F+ jou L,L, , (18)
JoL; +jolL, Ja(Ll + Lz) (Ll + Lz)
and according to (14) Z;, = r. Hence, | = H =3 and the inductance voltage is
r
U = J'Ot—LlL2 !=£joc—|'1l'2 , (19)
(L1+|—2) r (L1+L2)
while the currents in the branches are:
U, uL, | U UL, PN (20)

— =L _ -1 — =L _ —
*jal, (L) ?jal, (Ly+L,)r

It shows that the total current | at the inlet to the circuit is split between inductances is no way the same,
but inversely to their meanings.

Even more curious is the case, where in this circuit there is a magnetic coupling between both inductive
coils.

Example 2. If both coils are switched on coordinately (Fig. 2), the system of equations according to
Kirchhoff laws will look as follows:

I-1,-1,=0, (21)
Ir+1jaL, +LjoM=U, (22)
LjoL, +1,joM=1,jal, +1,jaM. (23)

r

o—i ]

I—> * /1\/[\ *
Ls L. %
l 1 l I

Figure 2. Circuit with magnetic coupling between both inductive coils

U

o

For the other equation of this system, we will carry out the equivalent conversions according to (10):
Ir+LjoL, +LjoM~=Ir=U. (24)
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U . . .
Hence | =— =3 A. In this way, we have obtained a new system of equations:
r

U

7_11_12:01 (25)
LjoL, +1,joM =1,jol, + 1 jaM. (26)
Let us determine current |, from the first equation and substitute it into the second equation:
==, @)
r
(%‘-2jjaL1 +1,joM =1,jaL, +(%—!2]ja|\/| . (28)
Hence,
U. . . . U. .
—Job, -l joL; +L,joM =1 jaL, +—joM -1, jaM, (29)
r r
U,. . . . .
T(chL1 —joaM)=1L,(joL, + jaL, —2jaM), (30)
U,. .
- T(JOLLl _JOCM) ~ U(Ll _ M) (31)
7 (joL,+joL, —2jaM) (L, +L,—2M)’
LU U UL u(,-w) )
T oL +L,-2M) (L +L,-2M)

We will perform numerical calculations for three typical cases of correlation between self-inductance
L,, L, and mutual inductance M (values L,, L, are the same as those in the previous example):

1. Let M=0.08 H, ie. M<L,. Hence, |, =0.429A, and |, =2.571 A. This case does not differ
significantly from the previous example.
2. Lettake M=0.1H,ie. M=L,. Inthis case, the whole current flows in the second coil (1, =3 A),

while in the first one it disappears (1, =0 A).

The most curious is the third case M =0.14 H, when L, <M < ,/L,L, . Here we observe a very
distinct so-called “false capacity effect”, when the currents in each coil surpass the input current (1, =—6 A,

I, =9 A), and more to that, in the first coil the current changes its direction.

Suffice it to notice, that this problem is very hard to solve without methods of nonstandard analysis, and
for the next problem it is almost impossible.
Example 3. In the direct current circuit (Fig. 3) determine the currents in all of the branches.

Scheme parameters: U=100 V, r=10 Q, L, =02 H, L, =0.15H, L, =01 H, L, =0.05 H,
L, =0.025 H.

Let us carry out this calculation with a loop current method.

By analogy to the previous examples, it is obvious that the input impedance of this circuit also equals to
resistor impedance, i.e. Z;, = T.

Hence, the loop current of the first loop is known:

1, =%=10 A, (33)

and the equation system will look as follows
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112y + 1525, + 1332, =0, (34)
1,2y + 15525, + 133255, =0. (35)

Figure 3. Circuit with detection of currents in all branches

Substituting expressions for the first loop current and as well as for loop and joint impedances, we will
get

U, . . ) ] ]
— (ol + (ol + jab, + jobg )+ l(= jouls )= 0, (36)
u, . . . . .
T(_ Jal—z)+!22(_ jOLL5)+133(jOLL2 +Jjoal, + jocL5)= 0. (37)

Let us define the third loop current from the first equation and substitute it into the second equation.

u, . . . .
T(_ JaL1)+122(JaLl +Jals+ JaLs)

133 = - =

L,+L;+Ls UL,

= =1 , 38
L, "2 L, rL, (38)
%(_ jO"—z)"‘lzz(_ jal—s)"‘(!zz bt I|:3 ths - lrJli_l j(jal—z +Jjal, + jal—s):
5 5

L1+L3+L5(

=22

jaL, + jaL, + joa_s)—joa_s}%(joa_2 +jal, + jocLS)—%jocLz =0 (39)
5 5
Hence, we determine loop currents
UL, ,. . . U.
3 (jocL2 + JoL, + jOLL5)+—jOLL2
r
5

L2 = |_1+|_3+|_5(
LS
UL,

jaL, + joL, + joLg)— joL,
(L,+L, +L5)+EL2
5 r
= =6.724 A, (40)
m(b +L,+ |_5)_ L,

5
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Utl (Ly+L,+ |_5)+E|_2 T
!33=L_r”j’ L ' 1Tt hs P 7414 A (41)
ST s (v, +L)-L, Ls rLs
5
Henceforward it is easy to determine currents in the branches:
Li=1;-1,,=3276 A, I, =1;; — 1,3, =2.386 A, (42)
I;=1,,=6724 A, |, =1,,=7414 A, |, =1,,—1,,=0.69 A. (43)

Suffice it to note, that the usage of ideas of nonstandard analysis allows using any standard methods of
electrical circuit calculation.
Let us now consider ideal capacity circuits.

Analysis of electrical direct current circuits of ideal capacities

It is obvious, in such cases for capacity complex impedance we may write down

1
Zo~r—. 44
£ 550 (44)

Example 4. Define voltages on the capacities C,, C, in the direct current circuit (Fig. 4).

° 1
U . G
O

Figure 4. Circuit with capacitances

Let us consider this circuit as a sinusoidal alternating current circuit with @ = a angular frequency.
Full circuit complex impedance is

Zmz.l +'1 :j.OLC1+.j0LC2:?1+C2, (45)
JoC;  JaC, (Jacl)(JaCz) JaC,C,
hence, the current flowing through it is
| U UjaC,C,
- 4, G +C, , (46)
whence the voltages on capacities correspondently equate to
Uc=l.1 _ ucC, ,Uc=l.1 _ ucC, . 47)
T jaC, C+C, ? "JjaC, C,+C,

Example 5. In direct current circuit (Fig. 5) define voltages on all capacities. Circuit parameters:
U=100 V, C, =200pF, C, =150 pF, C, =100 uF, C, =50 uF, C, =25 pF. The given problem is
conveniently solved by the method of node potentials, taking the node 4 as a primary one, that is ¢, =0.
Since ¢, = U, the problem will be reduced to the system of 2 equations.
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1
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Figure 5. Circuit with five capacitors

Let us transcribe the system of equations
—Q Y +0, Y0 =9 Yo =0, (48)
— 0, Y59, Yy +¢ Y5, =0. (49)

By substituting the expressions for first node potential as well as for the self- and mutual conductance,
we will get

~U(joC,)+9,(jaC, + joC, + joC,)-¢,(jaC,) =0, (50)
-U(jaC,)-o,(jaCs)+ ¢, (jaC, + juC, + jaCy)=0. (51)

Let us determine the second node potential from the first equation and substitute it into the second one.
U(jaC1)+ 93(Jac3) B ucC, + 93C3

_ - , 52
27 56C, +joC, +joC, C,+C,+C, 2
UC, +¢.C,
~U(joC,)-———="(jaC, )+ ¢_(jaC, + jaC, + jaCq )=
22 C,+C,+C, 3 L s °
__U(jac,)--YGUeC) __ 9Cs (00 (j0C, + juC, + jaCy) =0 <
* Cc,+C,+C, C,+C,+C,~ ¥ =72 ? ° )
C
C:’_U(Cz)_ UCl(CS) - 853 (C3)+(P (C2+C3+C5)=O
C,+C,+C, C,+C,+C, -3
Hence, the potentials are:
Vet g U%CBC
0, = 1 ¥t _g1as9 v, (54)
C,+C,+C,—— 2%
C,+C,+C,
uc Vet g Uglcgc C
0 c ot 1t 4+c23 oo SB0m V. (55)
170, +0, C2+C3+C5— 3 170, +0,
C,+C,+C,

Henceforward it is easy to find voltages in capacities:
UCl =, —9, =18.841 Vv, UC2 =0, — 0, =15.942 Vv, UC3 =0,-0¢,= 2.899 Vv, (56)

Ue, =¢,=81.159 V, U, =g =84.058 V. (57)
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Conclusions

1. The authors are the first to determine the class of nonstandard electrical engineering problems, aimed
at analysing direct current electrical circuits, which include ideal reactive elements — ideal inductances and
capacities. It is shown, that the solution of the highlighted class of problems through standard methods of
theoretical electrical engineering is far too complex or almost impossible.

2. To solve the described problem it is proposed to extend the methods of nonstandard analysis with the
problems of analysis of electrical circuits with ideal reactive elements. The advantages of this approach are
proved by the examples of calculations of electrical circuits with inductances and capacities and as well of
magnetic bound circuits.

3. With the aim of extending the sphere of usage of the methods of nonstandard analysis it is important
to distinguish similar problems from diverse spheres of science and engineering, where differential calculation
and extreme transitions are used and the solution of which with standard approaches is limited or impossible.
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C. Kanpis, B. Kyxapuyk, B. Kyuepyk, I1. Kynakos, M. I'putos

DJIeKTPTeXHUKAAAFbI CTAHIAPTThIeMeC TAJI1ay.
Nnean peakTuBTi 371eMeHTTepi 6ap TYpPaKThl TOK Ti30eKTepiH Taaxay

Makanazia TeopHsIIbIK JeKTPOHHKA CalaChIHAAFBI CTAaHAaPTTHIEMEC TA/AY HesuIapbl MEH 9JIiCTePiH KOJaHy
YCBIHBUIFaH. Mneanisl MHIYKTUBTUNIK TEH ChIABIMIBUIBIKTEI KAMTUTBIH TYPaKThl TOK Ti30CKTEpiH Tainay
TEOPHSIIBIK 3JEKTPTEXHUKAHBIH CTAHAAPTTHL OMICTEpiMEH TBHIM KypIeli HeMece MYMKIH eMec eKEHZIri
KepceTiared. bys MoceneHi menry yuriH craHIapTThieMec Tanay 9MiCTepiH WACAIIbl PEaKTUBTI 3JIEMEHTTepl
Oap »nexTp Ti30ekTepiH Tajmay MoceJelepiMeH KEHEUTY YCHIHBUIFaH. ABTOpJIap HOCaJIbl PEaKTUBTI
JNIEMEHTTEepl — UAeaTIbl WHAYKTUBTUNK IEH CHIMBIMABIIBIKTEI KAMTHUTBIH TYPAaKTBl TOKTBIH DJIEKTD
Ti30EKTepiH Tangayra OarbITTaIFaH CTAaHIAPTTHI €MeC BJICKTPOTEXHHKAIBIK €CeNTep KIAChIH aHBIKTaJbl.
ApHalibl ecenTep KIachlH TEOPHSUIBIK JIEKTPTEXHUKAHBIH CTAHAAPTTHI 9iCTepIMEH IIeNTy oTe KHBIH HeMece
MYMKIH eMec ekeHiri kepceTinreH. CTaHIapTTHI eMec Talaay 9iCTepiH Healabl PeakTHUBTI dIeMeHTTepi 6ap
ANIEKTP TI30EKTepiH Tayujay MiHAETTEepIMEH KeHEHTy YCHIHBUIIBI. Byl TocinniH anslHFaH apTHIKIIBUIBIKTAPEL
WHIYKTUBTUIIIT MEH CHIHBIMIBUIBIFBI Oap 3JIEKTp Ti30eKTepiH, COHAAal-aK MAarHUTTIK OTKI3TiLITEepai ecentey
MbICaJIapbIMEH pacTajajbl.

Kinm ce30ep: mekci3 a3 caH, MIEKCI3OIK, THIIEPHAKTHI CaH, AICTYpIIieMec caH, Uaeall peakTHBTI 3JIEMEHT.

C. Kansis, B. Kyxapuyk, B. Kyuepyk, I1. Kynakos, M. I'pu6os

HecTanaapTHbIil aHAIN3 B 3JIEKTPOTEXHUKE. AHAJIN3 KOHTYPOB MOCTOSTHHOTO TOKA C
H1eaJbHbIMU PEAKTUBHBIMH 3J1eMEeHTAMH

B craTpe mpeanioxeHo HCnoab30BaHue UACH U METOIOB HECTAaHAAPTHOTO aHAH3a B 00JIACTH TEOPETHYECKOM
97ekTpoHUKH. [TokazaHo, 4TO aHAIM3 LeNel MOCTOSHHOTO TOKA, BKJIIOYAIOIIMX HI€aIbHbIE HHAYKTUBHOCTH U
€MKOCTH, CTaHJAAPTHBIMH METOJaMH TEOPETUUYECKOM JJIEKTPOTEXHUKU CIHUIIKOM CIIOKEH WIH TOYTH
HEBO3MOKeH. JIJIsl pelieHus 3TOM MpoOJIeMbl MPEUIOKEHO PACIIUPUTh METObl HECTAHAAPTHOTO aHaJH3a
3a/1a4aMM aHaJIM3a EKTPUUECKUX IIenel ¢ UIeaIbHBIMU PEaKTUBHBIMH 3JIEMEHTAaMHU. ABTOPBI ONpPEIeSIN
KJIacC HECTAHIAPTHHIX JJIEKTPOTEXHUYECKMX 3alad, HANpaBICHHBIX Ha AaHAIW3 SJCKTPHUYCCKUX IIeTeH
MOCTOSIHHOTO TOKA, BKJIIOYAIOUINX B ce0s WACaNIbHbIC PEaKTHBHBIEC 3JIEMEHTHl — HJIalbHbIC HHAYKTHBHOCTH
n eMkocTH. [lokazaHo, 4TO pelIeHre BBIICICHHOTO Kiacca 3a4ad CTaHIApTHBIMH METOJAMH TEOPETHIECCKOM
JIEKTPOTEXHUKU CIUIIKOM CJIOXXHO MM TIOYTH HEBO3MOXHO. [IpelioskeHO pacIupuTh METOIbI
HECTAaHJAPTHOTO aHajM3a 3aJayaMd aHalIu3a DSJIEKTPUYECKHX Lenedl ¢ HIeaTbHbIMU PEaKTUBHBIMU
sneMeHTamu. [lomyuyeHHbIE NpEeUMYyIIECTBAa TAKOTO IMOJAXOJa MOJATBEPHKAAIOTCS IMPUMEPAMHU PACUETOB
3JIEKTPUYECKHX I1IeTIeH C UHAYKTHUBHOCTSAMHM U €MKOCTSIMH, a TAK)Ke MarHUTOIPOBOJIOB.

Kniouesvle cnosa: 66CKOHEYHO MAIOE YHCII0, OCCKOHEUHOCTb, THIIEPACHCTBUTEILHOE YHCII0, HETPAIUITHOHHOS
YHUCIIO, UJ€ATbHBIN pEaKTUBHBIN HJIEMEHT.
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